
LECTURE 2 -- 
FRACTALS 
CCST9048 Simplifying Complexity 
University of Hong Kong 
Dr. Tim Wotherspoon 
 



A Few Reminders  
• Problem Set One is Due a week from Friday! 
• Please turn in a hard copy of Part B in the appropriate 

boxes on the 2nd floor of the Hui Oi Chow Science 
Building.   
 



“…the idea that complex 
systems or phenomena 
can be understood by the 
analysis of their simpler 
components.” 

Methodological Reductionism 

From Fang 2011 



“To divide all the difficulties under examination into as 
many parts as possible, and as many as were required to 
solve them in the best way.” 
 
“to conduct my thoughts in a given order, beginning with 
the simplest and most easily understood objects, and 
gradually ascending, as it were step by step, to the 
knowledge of the most complex.” 

From the Discourse on the Method, highlighted by Mitchell 2011 

Reductionism 



GENOMIC MEDICINE: A 
RETURN TO REDUCTIONISM 
 
“The seduction of genomic 
medicine might also blind the 
profession to the message that 
medicine is about people, not 
genes.” 

Failures of Reductionism 

http://www.ncbi.nlm.nih.gov/pmc/articles/PMC1275983/ 



“Complex system: a system in which large networks of 
components with no central control and simple rules of 
operation give rise to complex collective behavior, 
sophisticated information processing and adaptation via 
learning or evolution.” 

Mitchell 2011 

Definition 



Collective complex behavior 



Signal and information processing 

http://www.gizmodo.com.au/2014/03/what-happens-when-you-throw-four-sharks-into-a-giant-school-of-fish/ 



Photograph by Bruce Robison/Corbis 

Adaptation 



Self-organization 



Outline  

• Dimension 
• Power Laws and 
Logarithms 

• Fractal Dimensions 
• Fractals 
• Julia Sets and the 
Mandelbrot Set 



Dimension 

• In Euclidean Geometry 
the definition of 
Dimension is simple! 
• 0-Dimension has a well-

defined number of points. 
• 1-Dimensional -> Length 
• 2-Dimensional -> Area 
• 3-Dimensional -> Volume 
• 4-Dimensional -> Doesn’t 

exist 



Dimension 
• Please take out your smartphone or laptop and go to 

kahoot.it 
• Please use your UID as your nickname. 
• This way I can keep track of who is attending and 

participating in lecture. 



Power Laws 

• Power Laws will 
appear continually 
throughout this course 

• What is a power law? 
 

• We will refer to a as 
the exponent and x as 
the base. 
 
 

This is a graph of a power law.  In 
this case the exponent is negative! 



Power Laws 



Power Laws 

http://en.wikipedia.org/wiki/User:West.andrew.g/Popular_pages 

 

http://en.wikipedia.org/wiki/User:West.andrew.g/Popular_pages


Power Laws 
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Power Laws 
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Power Laws 

With the relationship between the two variables in a 
power law… the relationship between the log of the 
two variables is a straight line.  Log-log plot! 



Power Laws 

Views = 2*106*(Rank)-0.529 
R² = 0.9993 
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Power Laws Summary 
• In a linear plot, absolute differences that are the same 

take up the same space.  The difference between 110 and 
100 is much bigger than the difference between 11 and 10 

• In a logarithmic plot, relative differences that are the same 
take up the same space.  The difference between 110 and 
100 is the same as the difference between 11 and 10.  

• If I suspect two variables have a power-law relationship, I 
may plot them on a log-log axis which is logarithmic both 
in the x and y directions. 

• If they have a power-law relationship, the will form a 
straight line on a log-log axis. 

• The “apparent” slope gives the exponent of the 
relationship.  



Power Law and Dimension 
• Felix Hausdorff was trying to 
come up with more rigorous 
concept of Dimension 

• Measure dimension by 
counting how many “boxes” it 
takes to measure its size. 

• There is a power law 
relationship between the 
number of “boxes” it takes to 
measure and the size of the 
“boxes”. 
 

 
 
 
 

 



Power Law and Dimension 
Size of Lines Number of 

Boxes 
1 1 
½ 2 
1/3 3 
1/6 6 
1/10 10 
1/100 100 
1/1000 1000 

0 1 

Here it is natural to count lines. As the lines get smaller, we need more and more 
of them to cover the line segment.  This is a 1-dimensional object.  Note, we 
could use cubes or squares here to measure the line and we’d get the same 
result.   



Power Law and Dimension 
Size of Boxes, l Number of 

Boxes N 
1 1 
½ 4 
1/3 9 
¼ 16 
1/10 100 
1/100 10 000 
1/1000 1 000 000 

0 1 

0 
1 

Since it seems to fill up space, we should 
count boxes.  In this case, we need even 
more boxes as the boxes get smaller. This 
is a 2-dimensional object. 



Power Law and Dimension 
Size of Cubes Number of 

Cubes 
1 1 
½ 8 
1/3 27 
¼ 64 
1/5 125 
1/6 216 

Here cubes seem more natural. The 
number of “boxes” here is equal to 
the size to the power of 3.  This is a 
3-Dimensional Object 



Power Law and Dimension 

• This may seem silly 
and needlessly 
complicated 

• For basic geometry, it 
totally is. 

• However, it would be 
cumbersome to use 
basic geometry to 
describe 
 
 
 

• Width of a coastline 
• Volume of a mountain 
• Surface area of the 
lungs 

• Surface area of the 
brain 



Cantor Middle Thirds Set 

Start with a line from 0 to 1 and take out 1/3 to 2/3.  Then with the remainder, take 
the middle part out again.  Then with the remainders… take the middle thirds out 
again… and again…  and again… and again… don’t stop… 

What will you be left with?   

Well maybe it’s a bunch of points?  A Zero dimensional object?  Of course the 
number of boxes I will need will be infinite.  Will it then have a length?  What will 
it’s length be? 



Cantor Middle Thirds Set 

Length of 
Boxes 

Number of 
Boxes 

1 1 
1/3 2 
1/9 4 
1/27 8 
1/81 16 
1/243 32 
1/729 64 

Here the relationship between the number 
of boxes and the length of the boxes is not 
as clear as in the previous cases.  Let us 
plot N as a function of l on a log-log Plot.  
Perhaps they still have a Power Law 
relationship as in the previous examples.   



Cantor Middle Thirds Set 

Length of 
Lines 

Number of 
Lines 

1 1 
1/3 2 
1/9 4 
1/27 8 
1/81 16 
1/243 32 
1/729 64 

N = l-0.631 
1.E+00

1.E+02

1.E+04

1.E+06

1.E+08

1.E+10

1E-15 1E-10 0.00001 1



Cantor Middle Thirds Set 

N = l-0.631 

1.E+00

1.E+02

1.E+04

1.E+06

1.E+08

1.E+10

1.E-15 1.E-10 1.E-05 1.E+00

• So the Number of Boxes 
and the Size of the Boxes 
are related by a Power 
Law as before!   

• But how do we interpret 
0.631? 

• Does this mean that the 
dimension of the dust at 
the bottom is 0.631? 



Cantor Middle Thirds Set 

• What kind of properties would such 
a dimension have? 

• First let’s explore if this leftover 
stuff has Length.  

• I will do so by measuring the length 
of what I took away. 



Adding up an infinite bunch of numbers? 

• I don’t know how to add up so many numbers so 
I’ll give it a name, s.  
 





Cantor Middle Thirds Set 

• So the Length of what remains 
seems to be zero 

• However there should still be 
something left.   

 



Cantor Middle Thirds Set 

• Perhaps I’m left with a zero-dimensional object, like a set of points. 
• It turns out the the number of points left is equal in size to the number of points 

I started with! 
• See mathematical resource for an argument as to why. 
• This object has too much stuff to be a Zero Dimensional object and not enough 

to be One Dimensional. 
 



Koch Snowflake 
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Length 
of Lines 

Number 
of Lines 

1 3 

L=3 



Length 
of Lines 

Number 
of Lines 

1 3 
1/3 3*4=12 

L=4 



Length 
of Lines 

Number 
of Lines 

1 3 
1/3 3*4=12 
1/9 3*16=48 

L=5.33 



• It seems like the smaller ruler I use, the longer the perimeter is becoming! 
• Does that mean that the length of the perimeter is infinitely long? Does it mean 

that the length of the perimeter is not well-defined? 
• Let’s measure the dimension of this object. 

Length of 
Lines 

Number of 
Lines 

1 3 
1/3 12 
1/9 48 
1/27 192 
1/81 768 

N = 3*l-1.262 
1.E+00

1.E+01

1.E+02

1.E+03

1.E+04

1.E+05

1.E+06

1.E-05 1.E-04 1.E-03 1.E-02 1.E-01 1.E+00



• It seems like the smaller ruler I use, the longer the perimeter is becoming! 
• Does that mean that the length of the perimeter is infinitely long? Does it mean 

that the length of the perimeter is not well-defined? 
• Let’s measure the dimension of this object. 

Length of 
Lines 

Number of 
Lines 

1 3 
1/3 12 
1/9 48 
1/27 192 
1/81 768 

N = 3*l-1.262 
1.E+00

1.E+01

1.E+02

1.E+03

1.E+04

1.E+05

1.E+06

1.E-05 1.E-04 1.E-03 1.E-02 1.E-01 1.E+00



• So we measured directly that the Number of rulers, N, of 
length, l, is given by the formula N = 3*l-1.262 
 

• So we can multiply the length of the ruler by the number 
of the rulers to get the total length, L=N*l. 
 

• Doing so we get L = l* 3*l-1.262 = 3*l-0.262 
 

• The most accurate ruler is the smallest one.  However as 
we let the l get smaller and smaller, we can see that L 
gets bigger and bigger.   

• It is not quite mathematically appropriate to say that the 
length is infinite, but it does make sense to say it is 
unbounded or ill-defined. 
 
 
 

 



Koch Snowflake Summary 
• The area of the interior is well-defined, a 2-D object. 
• The length of the perimeter approaches infinity, too big for 

a 1-D object. 
• The measured dimension is 1.262.  
• For exercise, you can prove this result that the dimension 

is given by  
 
 



Fractals  
• Benoit Mandelbrot first 
coined the word 
‘Fractal’.   

• His paper ‘How Long is 
the Coastline of Britain’ 
helped popularize this 
idea. 

• In your homework, you 
will measure the fractal 
dimension of the 
coastline of Sai Kung 



Fractals 
•  This dimension is a 
way of measuring 
‘roughness’.  

• ‘Roughness’ is 
favorable to ‘irregular’ 
as some very ‘rough’ 
shapes can be highly 
‘regular’. 

• Objects with integer 
dimensions are very 
smooth. 

This curve, due to Peano is so rough 
its dimension is 2. 



Self-Similarity 

• Something is said to 
be Self-similar if it is 
roughly the same on 
all scales.   

• Here are two time 
series of the Hang 
Seng Index.  One 
over 5 years and the 
other over 1 year.  
Which is which? 
 

 



Romanesco Brocoflower 

Pdphoto.org 

http://pdphoto.org/PictureDetail.php?mat=pdef&pg=8232


Mountainscape 



Lightning 

Taken by 
fir0002 | flagstaffotos.com.au 

http://commons.wikimedia.org/wiki/File:Lightning_strike_jan_2007.jpg
http://commons.wikimedia.org/wiki/File:Lightning_strike_jan_2007.jpg


Human Physiology 

Chaos and fractals in human physiology 
Goldberger, A.L. ; Rigney, D.R. ; West, B.J. 
Scientific American, 1990, Vol.262(2), pp.42-
49 

http://www.nature.com.eproxy2.lib.hku.hk/scientificamerican/journal/v262/n2/pdf/scientificamerican0290-42.pdf
http://www.nature.com.eproxy2.lib.hku.hk/scientificamerican/journal/v262/n2/pdf/scientificamerican0290-42.pdf
http://www.nature.com.eproxy2.lib.hku.hk/scientificamerican/journal/v262/n2/pdf/scientificamerican0290-42.pdf
http://www.nature.com.eproxy2.lib.hku.hk/scientificamerican/journal/v262/n2/pdf/scientificamerican0290-42.pdf
http://www.nature.com.eproxy2.lib.hku.hk/scientificamerican/journal/v262/n2/pdf/scientificamerican0290-42.pdf
http://www.nature.com.eproxy2.lib.hku.hk/scientificamerican/journal/v262/n2/pdf/scientificamerican0290-42.pdf
http://www.nature.com.eproxy2.lib.hku.hk/scientificamerican/journal/v262/n2/pdf/scientificamerican0290-42.pdf
http://www.nature.com.eproxy2.lib.hku.hk/scientificamerican/journal/v262/n2/pdf/scientificamerican0290-42.pdf
http://www.nature.com.eproxy2.lib.hku.hk/scientificamerican/journal/v262/n2/pdf/scientificamerican0290-42.pdf


This is the Geometry Used in Nature! 

http://photography.nationalgeographic.com/wallpaper/photography/photos/best-pod-april-2012/baja-california-rivers/ 

http://photography.nationalgeographic.com/wallpaper/photography/photos/best-pod-april-2012/baja-california-rivers/


Measuring Coastlines 
Length of lines Number of lines 
10 2.82 
8 3.51 
5 6.80 
2 14.85 
1 31.3 

N = 31.5*l-1.033 
R² = 0.9946 

1

10

100

1 10



Julia Sets and the Mandelbrot Set   
• No discussion of fractals can be complete without mention 

of Julia Sets and Mandelbrot Sets 
• A complete understanding of how these sets are 

generated is beyond the scope of these course.   
• Even this discussion may be beyond the scope of this 

course, but recall that this course has NO exam.   
 



Julia Sets 

• Julia Sets arise from a 
concept called 
“Complex Dynamics” 

• You are familiar with 
“Real Numbers” 

• E.g. 1, 0,     ,  

• You may be familiar 
with the concept of the 
“Imaginary Number” 

 
• A “complex number” is 
a combination of these 
two. 
 



Julia Sets 

• Graphically, we may 
plot a complex number 
in the complex plane. 

• The complex plane 
consists of an 
Imaginary Axis and a 
Real Axis 



Julia Sets 

• Let us consider the 
function  
 
 

• Where z and c are 
both complex 
numbers.  

• We want to iterate this 
function. 

• To iterate a function, 
start with some initial 
value, z0, and plug it 
in.   

• Then plug in whatever 
answer you get. 



Julia Sets 

• Let us consider the 
function  
 
 

• Where z and c are 
both complex 
numbers.  

• We want to iterate this 
function. 

• For example, start with 
z=0 and c=i. 
 



Julia Sets 

• Let us consider the 
function  
 
 

• Where z and c are 
both complex 
numbers.  

• We want to iterate this 
function. 

• For example, start with 
z=1 and c=i. 



Julia Sets 

• Let us consider the 
function  
 
 

• Where z and c are 
both complex 
numbers.  

• We want to iterate this 
function. 

• Some choices of z0 will 
get further away from 
the origin and get 
further and further 
away from zero. 

• Some choices of z will 
not.  

• The Julia Set is all of 
the z-values of the 2nd 
type.   



Julia Sets 

• Let us consider the 
function  
 
 

• Where z and c are 
both complex 
numbers.  

• In the example we 
chose c=i 



c=-0.74543+0.11301*i 

Julia Sets  



c= -0.75+0.11*i 

Julia Sets  



Julia Sets 

c=-0.1+0.651*i 



Mandelbrot Set 

• Every choice of c has 
a unique Julia Set.  

• Mandelbrot wanted to 
separate them into 
two-kinds. 

• We asked whether or 
not the point 0 was in 
the Julia Set for a 
given c.   

 

• The Mandelbrot Set is 
the collection of c-
values for which 0 
does not escape to 
infinity.   



Mandelbrot Set 



Mandelbrot Set 



Mandelbrot Set 



Mandelbrot Set 
• One needs only to look at the Wikipedia article to find out 

that this is a very interesting mathematical object. 
• At the heart of the object is an equation that can be 

expressed in English “Zee goes to Zee Squared Plus 
Cee”… only 7 words.   
 



Julia and Mandelbrot Sets 

“Bottomless wonders 
spring from simple rules 
which are repeated 
without end” 
 
TED2010 Fractals and 
the art of roughness 

https://www.ted.com/talks/benoit_mandelbrot_fractals_the_art_of_roughness/transcript?language=en
https://www.ted.com/talks/benoit_mandelbrot_fractals_the_art_of_roughness/transcript?language=en
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